Asymptotic of generalized
Bergman kernel on a non compact
Kahler manifold

By Julien Keller

ABSTRACT. Let E be a hermitian holomorphic vector bundle with bounded geometry
and L a positive line bundle on M, a Kdhler manifold with bounded geometry. We give an
asymptotic expansion of the kernel over the diagonal of the orthogonal projection from the
space of sections in L?(M,E ® Lk) on the space of holomorphic sections HO (M, E® Lk)
when k — oo. This gives a generalization of the work of Z. Lu.

1. Introduction

Let M be a smooth Kahler manifold of complex dimension n, equipped with a
complete Kéhler metric 95 of bounded geometry of order 5+ 0, and F be a holomorphic
vector bundle on M of rank r, equipped with a hermitian metric of bounded geometry
of order 3 + 0 (the notions of bounded geometry will be explicitly given in section 2).
Let w = wy = @ Zgﬁdzi A dZj be the closed definite positive (1,1)-form associated
to the metric 9;5- We fix a polarization L on M, which means a line bundle on M and
hr a smooth hermitian metric on L such that its curvature O (L) is positive (i.e. the
smaller eigenvalue of © (L) respectively to w is positive on M). First of all, for the sake
of clearty we assume that the following assumption holds :

Wy = —%3510g(hL). (1.1)

With this setting, for all & > 0, we get a natural metric hy = (.,.)p, = hg - h} on
the vector bundle £ ® LF and also an endomorphism of vector bundle associated to
the projection of the space of sections in L? (M JE® Lk) on the space of holomorphic
sections HO (M, E® Lk),

~

B:=Br=>_ Si(.Si)n, € End(E) (1.2)

where S; is any hilbertian basis of H° (M, E® Lk) for the inner product [, h(.,.)dV.

The operator @k will be denoted as the generalized Bergman kernel and we will compute
explicitly its asymptotic expansion in the variable k up to order 2.
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For this, we build a family of peak sections, using Tian’s method and the d-operator
resolution with values in a vector bundle, introduced by J-P Demailly for a complete
Kihler manifold. Eventually, we complete our free family as a L? hilbertian basis in order
to express in local coordinates the Bergman kernel, and we give some generalizations of
our method.

Our goal is essentially to generalize the work of Z. Lu in [Lu, Theorem 1.1] i.e. the
particular case of £ = L, on a compact manifold by :

Theorem 1.1. Let (M,w) be a complete Kahler manifold with bounded geometry of
order 5+ 0 and (E, hg) a hermitian holomorphic vector bundle with bounded geometry
of order 3+ 0. Let (L,hy) a polarization on M satisfying equation (1.1) and such that
Ric(wg) + Cwy > 0 for a certain constant C' > 0. Then we have the following asymptotic
expansion for the generalized Bergman kernel on E ® L¥ when k — oo :

< Cok™ ™2 (1.3)
CO

Bp — k" Idy sy — (%Scal(g)ldm +v/—1A0 (E)) gt

where Scal (g) is the scalar curvature of the metric associated to w, and © (E) denotes
the Chern curvature of the vector bundle E. This estimate is uniform on M when hy,
(resp hg) and its derivatives of order < 5 (resp < 3) belong to a compact set for the C°

topology.

At that point, we want to emphasize the simplicity of the term of weight £"~!. We
have only established this expansion in the C° topology, but Theorem 1.1 should hold
for all C™ topology ¥m > 0, assuming that the boundedness geometry is of higher order.

This work is part of the author’s Ph.D thesis [[{¢].

2. Background material

We recall in that section some standard notions and conventions of Kahler geometry.
Some good references on this topic are [De2],[[<o],[T-Y] for more precise details.

Definition 2.1. A quasi-coordinate map is an holomorphic map p from an open ball
B in C" into a complex manifold M of dimension n of maximal rank everywhere. (B, p)
is called a local quasi-coordinate for the manifold.

Definition 2.2. A Kahler metric on a complex manifold M has bounded geometry
of order k + « (or is said to be regular homogeneous or quasi-finite) with & € N and
0 < a < 1 if there exists a system (B, p;) of local quasi-coordinates of M such that

1. Every point z € M is the image by p; of the center of some ball By,

2. There are positive constants d1, 02, independent of [, such that the radius r; of
B satisfies §1 < r; < o,

3. There are positive constants C, C such that
0< &6i5 < g;5 (1) < Ci;

Ipl+lql
ooz Ui (l)‘c < Clpi4lq  where [p| +[g[ <k~
*(By)

where g~ (1) denotes the components of the metric respectively to the coordinates
on B; and C*(By) is the Holder norm on B;.



Asymptotic of generalized Bergman kernel on an open Kdhler manifold 3

Remark 2.3. One notices that every geodesic on M can be extended to infinite and
therefore a metric with bounded geometry is necessarily complete.

Example 2.4. Let M be complete Kahler manifold such that its sectional curvature
and the covariant derivative of its scalar curvature are bounded. Then M has bounded
geometry of order 2+ & [T-Y, Proposition 1.2].

Definition 2.5. A vector bundle F is said to be of bounded geometry k + « if for all
trivialization of E over every quasi-coordinate open set U, the corresponding transition
automorphism fyny is C* bounded for every intersection U N’V # (), in the sense that

olpl+lal

57pg7a UV < Cipl+lql  Where [p| + |q <k,

ce(Unv)

where fUnV is the pull-back of fyny on UNV, and C*(U NV) is the Holder norm on
unv.

Notation.

e The matrix (gﬁ) denotes the inverse matrix of (gij), which means that we have

Zk:ggkgk7 = Xk: gzigzj = ;5. Eventually, we will associate to g, the normalized

volume form dVy =dV = WTT

e From now on, O («) will denote the Landau notation extended to the square
matrices for which each entry can be bounded by O ().

e We associate to a hermitian holomorphic vector bundle E equipped with a local
frame (e;) and to a metric hg on that vector bundle, a natural hermitian matrix
hg with analytic coefficients defined by

(hE)ij = hE (61', ej) .
e Moreover |.|, denotes the pointwise norm associated to the metric i and ||,

) . . ) 1/2
the L? norm associated to |.|,, , i.e. ( [y, ||, dV .

It is well known that there exists locally many Kéahler potentials ¢ for a Kahler
metric w, .
17—
— 0.

27 v
We introduce a preferred Kéhler potential using the work of Bochner [Ru, §3], [Bocl]

(see also [C-G-IR]) :

w =

2.1. Canonical coordinates for a manifold and for a vector bundle

Proposition 2.6. Suppose the metric w is real analytic. For all point zg € M,
there exists a unique change of coordinates (modulo affine transformation) for which
there exists a Kéhler potential K,,(z) on (M,w,) which has locally the following Taylor
expansion :

1
K. (2) = |2 = 7R

1 K%zt O(|z]%).
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where z is the new coordinate after the change of variable and is called K -coordinate,
82gi—.
szc’?],%l

— 8giw 095 . .
=297 9913 2957 s the full curvature tensor of the metric

and where Rim = D21 O

9ij-

Remark 2.7. The Taylor expansion of K., may not converge if one does not assume
that the metric is real analytic. In fact, we will only need a truncated Taylor expansion
of K., up to a certain order. This order will depend on the order of the asymptotic
expansion of the generalized Bergman kernel we are looking for.

Therefore, as the truncated Taylor expansion of K., always exists, the analyticity as-
sumption will not be necessary.

Proposition 2.8. Under the conditions of the previous proposition, there exists a
holomorphic frame (e;),_, , over a neighborhood of zy € M such that, with respect to
this frame, the endomorphism associated to hg has the expansion :

(hp(2); = | 65— > OFE)zqzz+0 (1z°) |, (2.1)

1<k,l<n

foralll1 <i,j<r.

Proof. See [De2, Chapter V - Theorem 12.10].

2.2. L? estimates for the 0-operator Let us note L, the contraction
operator of (1,1) type associated to the Kahler metric w,

Lou=wAu

and A, := L} the adjoint operator (that we will denote A for simplicity). Remember
that the Bochner-Kodaira-Nakano identity asserts that for any Kéhler manifold and any
hermitian holomorphic vector bundle E,

A" =N +[i0(E), Al

where ©(E) is the curvature of E, and A’; A” are Laplace-Beltrami operators associated
to the Chern connexion V = D09 4 DO on F .

A = D(l,O)D(l,O)* + D(l,O)*D(l,O)
A// _ D(O,I)D(O,l)* 4 D(O,l)*D(O,l)

By Ric(wy) we denote the Ricci curvature of the metric w = w,. We know from
the work of L. Hormander a resolution of the ”d problem” in the complete kiihlerian
case, that has been precised by J-P. Demailly [Del] and which is the key point of the
construction of peak sections.

Proposition 2.9. Let M and L be chosen as previously, and E a hermitian holo-
morphic vector bundle of any rank for which the curvature operator [i©(E), A] is definite
positive and ¢ a L' function on M, Iimit of a decreasing sequence of smooth functions
;. If one has pointwisely for any j,

<2ia&pj +i0 (L) + Ric (w) v m> > O of? (2.2)
- 4

g
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for any tangent vector v of (1,0)-type, where C' > 0 denotes a constant that does not
depend on j, then for any (0, 1)-form w with values in EQL on M satistying

ow = 0,

/|w|267“"dVg < oo,
o g

there exists a smooth function u with values in EQ L, such that

and 5
| owlterav, < 2 [l eeay,

where |.| means the natural norm induced by hy, and the metric on E.

Proof. First of all, from a general point of view,
([10(E® E"),A] u,u) = (iO(E), A]u,u) + ([iO(E),A] u,u).

However, by assumption we have w is the curvature of the L which is positive, and
considering L equipped with the metric hye™ %7, one can apply Theorem 8.4 of [Del] to
the vector bundles E and L ® K,;" with (2.2). We take the limit and use a monotony
argument to conclude.

2.3. Peak Sections In that section, we follow W-D. Ruan [Ru] technique.
From now on, we choose a local K-coordinates system such that at zy € M, the hermitian

metric (gﬁ) satisfies the conditions :

9i5(z0) = 0ij,
8171"l‘n-"l‘Pngi3 (ZO) -
82710 1..0zh ’
for any n-tuple P = (p1,...,p,) € Z"} where |P| := p1 + ... + p, # 0. Moreover we
assume that the hermitian metric hg on the vector bundle F satisfies the identity (2.1)

of Proposition 2.8, for a frame (e;) over a neighborhood of zp. Let € be a canonical
K

i=1..r
section for the vector bundle (L, hy) satisfying in a neighborhood of zy, |e|iL =e"
Under this setting and the assumptions of the main theorem, we construct sections whose
L?-norms have a Gaussian form around zy and for which we control completely the Taylor
expansion at zg. This gives an analogue of [Bou2, Theorem 3.1].

20

Proposition 2.10. Fix p’ > 0 be an integer. For any n-tuple P of Z' such that
p' > |P|, there exists ko (p’, M,w) > 0 such that for all k > ko, there exists a family of
global holomorphic sections skp;i := Sy pyi of HO (M, E® Lk) satisfying

Isfill, = [ JsEil, av =1,

P2 B 1 )
Lav=0(—]),
/M\{zs“’g’“} kb (kzp

VE
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for 1 <1 <r, and one has the decomposition of 551‘
P o~
Sk (2) = Uk, Pprii(2) + Uk, Pprii(2)

where v and ¥ (which are not necessarily continuous) satisfy

~ MW,QP+O@ﬁﬂD(1+O( ))&®e¢u4gbw
Uk, ppii(2) = ) ' log k B ' vk,
0 if |z] > \/g%

vippi(x) = O (1), loerwaly, =0 (1/4%),
where one has set 2P = 21"...2Pn and the coefficient A\py.; is completely determined by
the geometry

/\Pk1 / |ZP 2 Kol (hE) dV.
{| |<logk

Proof. Choose a cut-off function 7 such that n(¢t) = 1 for all ¢ < 1/2, n(t) = 0 if
t>1,0<—n(t) <4 and |n"(t)] < 8. We define the following weight function

o k|z|?
p(z) = ( +2p)n<(10gk)

2) log|z|? € L' (M).
Then, we have

k|z|?
1 () me

log |z[*
_ ' (o 99 2|
6(990 = (1 + 2p/) /( (10];5]:)22) (log k)2 | |2 (23)
+2Re (77 ((logk) ) logk)28|z| A dlog|z| )
+n ((logk)2) 90 log |z|?

(log k) (log k)
equivalent to

n( _klz|? (k|2 : el k|z|? T
But 7 z) < 0orng < 0 if and only if 5 < > ] < 1, which is

(10gl€)2 < |Z|2 < (1ng)2

2k - k
For k large enough, 5=99|z[> > 0 for |z|? < log Qg k)” e obtain from (2.3) that
- kC 2p’
g, > k)
2m (log k)

where C' is a constant independent of k. This implies that for any unitary vector v of
(1,0)-type, we have pointwisely on (M, w,)

: /
<L35g0i+ki® (L)+Ric(w),v/\5> >k|1- M |v|§,
2 g (log k)

where we have used our assumption on the Ricci curvature of w. For ¢ =1, ..,r, we now

set a = ig (77 ((IIZ:]LQ)Q) 2Pk @ ez) and apply the Proposition 2.9 with £ = E® L* and
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k > k' for k' large enough. Hence, we obtain a section 8 with values in £ ® L* such that
0B = o and

2
[ 18t ey < [ laf.evav.
C(n+2p’) k
M k(l_ (logk)% ) "
for k large enough, we notice that
Cn+2p) 1
— <=
(log k) 2

Since (hg),; = ((515 =D i<hicn OE)Gzez + O (|z|3)>, if we define
Yi(z)=1— Y O(E)gzma+0 (%),
1<k,I<n

this gives with Cy, C; independent constants,

2
_ C k|z|?
2 omeqy —0/ ) e
/M 1Bl Tk Ju 7 4 (log k)*

Ch /
2
(].Og k) 2(10ik)2 §|Z|2§4(10§ k)2

. k2
97" 225 1 |2F|2e K02y (2) e=?dV
(log k)

A

|2F2e K02y (2) e=%dV, (2.4)

because M and E have bounded geometry. From its definition, ¢(z) = 0 if |2]? > %
and since
—lz[?+0(2")

3

K, (2)

€ =€

and M has bounded geometry of order 2, we obtain the following upper bound for k
large enough,

C
187 e~ ?dV < 1 - |ZP|2€7k\z\2dV7
M k (log k) Q(IOik)ZS\z\2§4(l°§k)2

2\ 1P 4. ( 2008 k)?
c <4<1ogk>> k()

(loghk)” \ K ’
C’ (log k) —2(log k)?
Now, for k large enough,
(log k) - 1
T klHtr — kp

Hence, we have

1 2 1
2 —p _ —2(log k) _
/ |B|hke dV _O(_kpe ) _O<k2p/)'

We set E(z) =7 ((li‘gzl‘:)z) 2Pef@e;—B(z). We remark that 55 =0,i.e. Bis a holomorphic

section of E ® LF, and this leads to

+00> 2 e ?dV
/{Izl2<—“°§f)2 } B,

k|z|?

7(n+2p’)77< )10g|z|2
/{ |2 (log k)z} |/6|}2Lk€ (log #)2 V,
2P d

_ Bli 1/
= Ju ey
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Therefore we have at zy for |z|> < % that u(z) = O (|z|2p/), and moreover over a
neighborhood of z,

B(z)=2FF@e;+0 (|Z|2p’) .
The same arguments as for (2.5) imply that

| 1t - M ( )

| P|2 szO(Z)}/i (Z) dv

2
2
+2Re 1 ]L ) b ® ei,6> dv +/ |87, dV,
(log k)® . M
_ | | szO(Z)Y ( )dv +0 ie—2(logk)2 '
k|| <1} kP
(log k)2 =
Eventually, we conclude by defining the following section :
B2 = 1o
|9
hy

We will need the following result [Ru, lemme 3.3]:

Lemma 2.11. On C" the following identity holds :

P11 pn|2,—k|z|? — (E)n H?:l (p!) 1
~/|z|<_lf§—k e Ay = {3 wo O\ )
- k

where p 1= p;, o' > p.

Proposition 2.12. Let T be another holomorphic section of E® L¥. Then, with the
same notations as before,

1. if 2 does not belong to the Taylor expansion of T at z, there exists a constant
C:1 that depends only on the geometry of the manifold and independent of k
such that

C

P 1

[ sk, av < G,

2. if the Taylor expansion of T at zy does not contain any term of the form z%
such that |Q| < |P|+ d (where d integer such that d > 1 and d < p' —n — p),

there exists a constant Cy that depends only on the geometry of the manifold
and independent of k such that

Csy
P
[ (st av < ST,

Proof. We focus on point 2., case 1. is similar. One can write T as

T
T = thék ® Skp,Z
=1
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and its Taylor expansion is given by the Taylor expansion of each ¢; in the system of
coordinates (z1, ..., zn) . Set

Z aklgzklsz = ek(|z|27Kzo(Z)) (hE)” det (gg) .

1<k1,k2<n

Therefore, since si.;(2) = Ap ki (1 +0 (kzlp,)) (ZP +0 (|z|2p/)) e ®e; if 2] < l‘z/g;,

and by setting du = A dz; A dz;,
=1

K2

1 — 2
P o P —k|z =
o <Sk;i’T>hk dv = o ti(z)e k=l E A 7oy o1 Pk | ARt
Pkii J M |z|< =% 1<k, k2<n

1 2
+0 (kpne 2(log k) ) ||T||hk ,

— P —k|z|? _
_/z|<logkz ti(z)e g < Z almkzzklzk?) dp,

| k1—ko<d

3

[T (O (el 4 [5[)) ¢ ) () av
|2 <%

— o) 2
10 <kp_ne 2(log k) ) ||T||hk ,
= (/ PP (P P e (), dV>
21<05

1 _ 2
+0 (e ) I,

where we have used the boundedness geometry assumption. By Lemma 2.11, we have

1
[ GEat) av =0 (o ) skl 171,

Remark 2.13. With same notations as previously, for every P,Q € Z,

" (o +[P))!
/M (807, Psis 597, Quksi )y, AV = (E) Y. s atlPl
a+|P|=8+]Q|

where a,p are polynomials expressions of the curvature of w and of hg and their covari-
ant derivatives. These coefficients are explicitly given by a finite number of algebraic
operations.

3. Proof of Theorem 1.1

We shall begin this section by giving some technical lemmas before finishing the
proof of Theorem 1.1.

Definition 3.1. Let p,n > 0 be integers. A function f on {1,....n}" x {1,...,n}" is

1/2

T,



10 Julien Keller

said to be symmetric if
fla(I), B(I)) = f(I,J),

where I,J € {1,...,n}" x {1,...,n}? for any permutations a, 3 € S,,.

Remark 3.2. The curvature tensor R,;;; and the Ricci curvature tensor are examples
of symmetric functions.

Lemma 3.3. Let q > 0 be an integer. If f is symmetric on {1,....,n}* x {1,....,n}",
then for any p’ > p,

Z/ f(I, J)zil...zipijl...éjp|z|2qe’k‘z‘2dV
(i) V11

'm+p+qg—1)! 1
= (Zf(lu J)) (I;j_nn _pl)!ZnerJ)rq +0 (knJqurP’) ’

where I = (i1, ...,ip) and J = (j1,..., jp) are p-tuples, with 1 < i, < n, 1 < jp <n for
ke{l,.,p}.

Proof. See [Lu, Lemma 4.1].

Notation. The family skp;i defined by Proposition 2.10 is a basis of a supplement
in H° (M, E ® L*) of the kernel of the surjective linear application H® (M,E ® L¥) —
Ow (E® LF) /m? that we shall denote Ky

Kipr 2o = {S eH(M,E®LF): (Vg ® v’z)P' (S) (20) = 0 for any |P'| < p'} ,

where Vg ® V’Z is the covariant derivative on E ® LF associated to the Chern connexion
and P’ € Z'. Roughly speaking, Ky ., will parametrize the space of sections that
will not be considered to compute the asymptotic expansion of the generalized Bergman
kernel.

Fix now p' =1, P=0:=(0,...,0) € Z} and set

1

AO,k;i

S; : 51,0,k

by applying Proposition 2.10. We are going to define a hilbertian basis of holomor-
phic sections at the point zy € M. Of course {S;:1<i<r} and Kj ., generate
H° (M, E ® L*) for k large enough. Let (T;),; be a hilbertian basis of Ky,1,z,. The T}
sections vanish at zp, and can be chosen such that for 1 < ¢ < r and j > r, one has
fM (S;, Tj)dV = 0. Set
~ SZ T Z ) Z 1
% '_{ T, i>r+1 (3.1)

with always orthonormal (T7) vanishing at zp. Let B € Ma,.»2,(C) be the matrix

whose entries are

j>r+1

Bij :/ (55,850, dV . 1 <id,j <2r. (3.2)
M
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The matrix B;; is hermitian definite positive and consequently, one can write
2r
Bij = > CirCir,
k=1

where C is an inversible matrix 2r x 2r. Denote C the inverse matrix C. We check that
the family {(S =y Ciksﬁc)izu , (Tj)m} is a hilbertian basis of HO(M, E @ L¥)
for [,/ (-, )y, dV. Therefore, if (ei =e; ®€r) is a local frame of E® L* (for hy) over

a neighborhood of zy € M, the generalized Bergman kernel B defined by (1.2) satisfies
at that point for 1 <4,j <,

i=1..r

2r
<§ei,ej>h (Zo) = Zskjs_kia
k k=1
2r 2r . 2r .
= Z <Z Clel_j) (Z CkmSmi> )
k=1 \l=1 m=1

2r

o = 1

= > &G =8
k=1

where one has used the decomposition S; (z9) = > Sije; (20) and the fact that we have
at zo, (5 (20),€; (20)),,, = di; for r > i,j > 1. This relation enables us to express the
generalized Bergman kernel using the peak sections that we have just defined.

With this setting, let us introduce the r x r blocks decomposition of B :

o Bii=(fy (S8, dv)

1<i,j<r
o Bi,= (IM <Si’Tj>hk dv)1<i j<r
o By = (fM (T, Si)p, dv)1<i.j<7“

o Boo=Id .

Let B € My, x2, (C) be the matrix with the » x r block decomposition :

B (Bl’l — B2 tm) ‘Bi2 (81,1 — B tm) Bi1

Setting U= (8171 — Bl)gtBl)g)il (8171 tBLQ — tBLQBl)l) , one notices that

(s (3 1o

With Proposition 2.12 ((1) and (2) with d = 1), we directly obtain that By » = O (37z)

and also that U= O (kgl/z) . Consequently, the first r x r block of B is

Bii = (B™) 1, (Id+0 (%)) (Id+0 <#>) ’

= (B87Y),, (Id+ o (#)) : (3.3)
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With Proposition 2.10, we know the entries of the matrix By ; :

/ (S 8;),, dV:/ e *E0() (hp), dV+O( 1”) (3.4)
M ‘ {1a1<temt ) k"

At that point, we use the fact that with the K —coordinates at zg,

det (gij) — o~ Riegziz+0(|2I%)

n
where Ric(g);; = Ric; = Eg”“Rzlkj Since we also have dy = '/\1 dz; N\ dz;, we imme-
i

diately get

Bui = |, (cmHer i Rguns o) 14,,., x
’ log k
{ls1s i}

(Idrxr— O(E) 512621 +O (|Z|3)) det (gw) dp+ O (k”1+2>

k
/ e klz 12 1+ Ruklzzz]zkzl +O |z Zkﬂ x O |Z4J X
{I |<1°gk} j>2

(Idrxr_ @(E)ijkl’?lkgl +0 (|z| )) (1 — Ricj52Z; + 0 (|z|3)) d
1
e
k
— /{| |<10gkfk|2|2 (Idrxr <1 — RZ.CJZZZJ + 4kal2i5j2k2l> — G(E)ijklzk2l>
ST

) + e k=70 (|2]9) dp+> K xo(knlm)

j>2

+e_klzl2 (,7 (|Z3|) + kw’ (|Z5

1
+0 <kn+2 )

But the scalar curvature of the metric w, is Scal (9) = Eg“ch = and
i

/{|z|<%} e*k\Z\z (’Y (|Z|3) + k' (|25|)) =0

and D. Catlin’s expansion in [Ca] prescribes that all the terms in k(P~1/2) vanish (these
terms are annihilated by the asymmetry in the variables z and z, see [Lu, p. 16]). There-
fore, we get by Lemma 3.3,

1 Scal(g)Id,x, 2!
Bii = rildrcr — zin)ﬂ - kn+2< Scal(g )Idm) - +1\/ 1A,.0 (E)
1
‘o (k)
1 1 1 1
= ﬁ[drx,,« — W §Scal(g)ldTw + \/—1A® (E) +0 k"+2 .
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Since we have already seen that the asymptotic expansion to order two of @(zo) is reduced
to the computation of (B~ (zg)) by (3.3), we have for the terms of weight k"~!

and k" that:

1<i,j<r

B(z0) = ao(20)k™ + a1 (z0)k" " + ... (3.5)
and clearly for a;(E, L) € End(E) :

ag = Id, a = %Scal(g)IdTXT—i—\/—lA@ (E).

Note that in the computations, the bounds of the derivatives of the Ricci curvature are
required to control the terms in O(|z|?) while 3rd order bounds are required on the
metrics hy, and hg. This leads to ask for boundedness of the geometry of order 5. This
concludes the proof of our main theorem.

4. Generalization of Theorem 1.1

4.1. Case of an unspecified polarization Suppose L is a polarization
on (M,w,). In the case where we do not make any assumption on the curvature of L,
the same arguments can be applied considering the Kéhler form wy, = —5=001log (hz) .
Let’s introduce the diastasis K respectively to wy. Then, if one denotes R” the full
curvature tensor of the metric wy,, we get in a neighborhood of a point zg € M, in a local
K*-coordinates system, (z),_, , .
1
4

Moreover, fix p’ = 1, P = 0 := (0,...,0) € Z". The proof of Proposition 2.10 can be
immediately updated to build sections

KZLO (2) = |]* - R%kzzﬁ;zééf +O(]Z']°).

1
. L
Si =TS0k
0,k;7

where orthonormal sections 5%0 ki Satisfy

2 1
Sfo,k;i h vy =0 (W) )

2
Istorsll, =1 Ja ey

with the decomposition :

Sf[),k;i (Z/) = 5]5,1(2/) + vlg;i(z/)v
sk — { M 1+ 00P) (140 () & e if |2 < 25
ki 0if |2 > loj;
vh() = 0(2P),  |vkill, =0 /8,
AL VTR = / —kKZ ) (hg).. dV,.
Ob) = Jprcgy T et

Let (Tj); be a hilbertian basis of Ky.1,z,. The sections T} can be chosen such that for
1<i<randj>r, one has fM (Si, T;)dV = 0. Set

N {Si r>i>1

S; = T, U >i>r41 Bij :/M <Si,8j>hk dV € My, o ((C)
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The generalized Bergman Kernel B defined by (1.2) is given by the computation of
(B*l (ZO))lgi,jST where

2
g\ €[}, hpdV, sk 1 (Si, T AYS
B(Zo) _ f{\z\SW}l |hL EQVg f{‘Z‘SW}< J>hk g 0( 1 )

fﬁﬂz%} (T, S5)1, 4V Idyxr fn+2

Therefore, by change of variable in K ’-coordinates, we have for the first » x r block of
B:

7kl2 ERL—.—,-i{lilO /5
{152 }

1
(1= O(E) g4 +O (|'*) ) det (g;7) deto (wi) dyu + O (W)

: _ k pL I3l 5!
- / e det,, (wr) ( oS ~fielo) e bRE A7) )
{\Z\S%} —O(E) 51212

’ ! 1
+e M (0 (1712) + k x O (I27)) + e M0 (|2/]7) du + O (kw)

with the same arguments as in the previous section. We obtain, using Lemma 3.3, at the
point zy considered,

o g1 Ric(9) s Tdrxr |
Bi1 = dety (wr) ( ’%"Idrw — Zeatl knﬁ : + k3‘+2 (%SC@Z(QL)IerT) )
_k"% \% _1Aw® (E)

1
10 (_W) |
Therefore we get :

Theorem 4.1. Let (M,w) be a complete Kahler manifold with bounded geometry of
order 3+ 0 and (E, hg) a hermitian holomorphic vector bundle with bounded geometry
of order 34+ 0. Let (L, hy,) be a holomorphic line bundle on M such that its curvature is a
definite positive form and with bounded geometry of order 3 + 0. We have the following
asymptotic expansion for the generalized Bergman kernel on E @ L* when k — oo :

= O(k"?).

H Br — k"dety, (wr.) Idyxr
CO

—k""Ydet,, (wr) ((tro, (Ric(g)) — 1Scal (g1)) Idyxr + vV—1A,,, O (E))

where one has assumed that the smooth hermitian metrics hg, hy and the Kahler form
w and all their derivatives of order < 3 belong to a compact set for the C° topology.

Remark 4.2. The theorem holds when one does not assume that w is complete but
that M is weakly pseudo-convex (i.e. one assumes the existence of a plurisubharmonic
exhaustion function on M), see [Del, Section 8]. In particular, if M is a smooth com-
pact Kéhler manifold and D is an ample divisor, then the asymptotic expansion of the
generalized Bergman kernel on M := M\D is given by the above formula.

4.2. How to compute higher order terms? We now outline the com-
putation one needs to do in order to compute the asymptotic expansion of the generalized
Bergman kernel of higher order.
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e Computation of the as term:
The az term can be obtained from the formula ( 3.4) provided that we get an

expansion of higher order for K, (z), hg, det (gﬁ). In fact, one notices that
B = (B_l)l L (Id+ O (7)) using a result a little bit more precise from Z.

Lu [Lu, Proposition 3.1]. For the computation of él,l, we need an asymptotic
expansion to order 2 of Aj , ; and of [,/ (5;,5;), dV of the following form

Mok = K'HE o+ KB40 (K1),
/M (8i,85),, AV = kJ —|—k—zj—|—0 <E) for i # j,

where «;, 8;, v, B;; depend only on w, the metric on E and their covariant
derivatives. Therefore, one needs the Taylor expansion of the diastasis, and of

hg, till order 6. Eventually, we need a Taylor expansion to order 5 of det (gﬁ).
e Computation of the as term:

Compared with the computation of as, we need to find higher order expansion
of the first r x r block of B:

o

— 1
_ (r-1 ¢
Bii=(B )1,1+QQ+O<W>

which is given considering a new basis §; formed this time, from {S; : 1 <4 < r}u
{S,L'ﬁp = ﬁszpyk;i c|Pl=T1and 1 <i< r} and from a hilbertian basis of
ICk,Q,zoa and for which Qij = fM <Si,Si7Pj>dV with Pj = (61]‘, R ,6nj) S ZQL_
where we have used Kronecker symbol.

e The other terms a; can be given by a similar way as in cases az and as, by finding
higher order asymptotic expansions of K, (z), hg, det (913) to a higher order

and considering the spaces Kp, -, -

For example, in the case of a polarized manifold assuming that equation (1.1) holds,
we find for the term of weight k"2 of the asymptotic expansion of the generalized
Bergman kernel the following expression.

ay = % (|Rijk[|2 + 3Scal(g)? — 4|Ric(w)|* + 8AScal(g)) Id
5 (AO(B)AO(E) + AGDAO(E) + O(E);0(E).; + O(E) ;Ric(w),;)

+%Scal(g)\/—_1A®(E).
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